Abstract We survey applications of group theory and topology in fluid mechanics and integrable systems. The main reference for most facts in this paper is [1] , see also details in [4] .
The latter form of the Euler equation (for a smooth flow g(t, x)) says that the acceleration of the flow is given by a gradient and hence it is L 2 -orthogonal to the set of volume-preserving diffeomorphisms, which satisfy the incompressibility condition det(∂ x g(t, x)) = 1. More precisely, it is L 2 -orthogonal to the tangent to this set, the space of divergence-free fields. In other words, the fluid motion g(t, x) is a geodesic line on the set of such diffeomorphisms of the domain M with respect to the induced L 2 -metric. Note that this metric is invariant with respect to reparametrizing the fluid particles, i.e. it is right-invariant on the set of volume-preserving diffeomorphisms (a reparametrization of the independent variable is the right action of a diffeomorphism).
More generally, the Euler equation describes an ideal incompressible fluid filling an arbitrary Riemannian manifold M, see [1, 5] . It defines the geodesic flow on the group of volume-preserving diffeomorphisms of M. It turns out that the groupgeodesic point of view, developed in [1] is quite fruitful for topological and qualitative understanding of the fluid motion, as well as for obtaining various quantitative results related to stability and first integrals of the Euler equation.
Geodesics on Lie groups.
In [1] V. Arnold suggested a general framework for the Euler equations on an arbitrary group, which we recall below. In this framework the Euler equation describes a geodesic flow with respect to a suitable one-sided invariant Riemannian metric on the given group.
More precisely, consider a (possibly infinite-dimensional) Lie group G, which can be thought of as the configuration space of some physical system. (Examples from [1] : the group SO(3) for a rigid body and the group SDiff(M) of volumepreserving diffeomorphisms for an ideal fluid filling a domain M.) The tangent space at the identity of the Lie group G is the corresponding Lie algebra g. Fix some (positive definite) quadratic form, the energy, on g. We consider right translations of this quadratic form to the tangent space at any point of the group (the "translational symmetry" of the energy). This way the energy defines a right-invariant Riemannian metric on the group G. The geodesic flow on G with respect to this energy metric represents the extremals of the least action principle, i.e., the actual motions of our physical system. (For a rigid body one has to consider left translations.)
To describe a geodesic on the Lie group with an initial velocity v(0) = ξ , we transport its velocity vector at any moment t to the identity of the group (by using the right translation). This way we obtain the evolution law for v(t), given by a (non-linear) dynamical system dv/dt = F(v) on the Lie algebra g (Fig.1) . Fig. 1 The vector ξ in the Lie algebra g is the velocity at the identity e of a geodesic g(t) on the Lie group G.
Geodesic description for various equations.
A similar Arnold-type description via the geodesic flow on a Lie group can be given to a variety of conservative dynamical systems in mathematical physics. Below we list several examples of such systems to emphasize the range of applications of this approach. The choice of a group G (column 1) and an energy metric E (column 2) defines the corresponding Euler equations (column 3).
Group
Metric Equation
SO(3)+R 3 quadratic forms Kirchhoff equations for a body in a fluid
Landau − Lifschits equation
In some cases these systems turn out to be not only Hamiltonian, but also bihamiltonian. More detailed descriptions and references can be found in the book [4] .
2 Topology of steady flows.
Arnold's classification of steady fluid flows.
The stationary Euler equation in the domain M has the form
on a divergence-free vector field v. In 3D this equation can be rewritten as follows: The proof of the theorem is based on the observation that v is always tangent to the level sets of α, i.e. the function α is a first integral of the equation. On noncritical sets one has ∇α = 0, which implies that v = 0. Thus the α-level sets are two-dimensional orientable surfaces which admit a non-vanishing tangent vector field. Thus these surfaces must be tori, since their Euler characteristic is 0. For M with boundary, the α-level sets could intersect boundary, in which case they are annuli, see Fig.2 . ii) The R 2 -action on tori is given by two commuting vector fields v and curl v. In particular, locally around a non-critical level of α there are coordinates {φ 1 , φ 2 , z} such that the α-levels are given by {z = const} and
This way a steady 3D flow looks like a completely integrable Hamiltonian system with two degrees of freedom.
iii) It could happen that ∇α = 0 everywhere, i.e. α = const. Then v × curl v = 0, and hence v is collinear with curl v at every point. Such fields are called force-free.
If v = 0 everywhere, we can express curl v as curl v = κ(x)v for a smooth function κ(x) on M. Then κ is a first integral of our dynamical system given by the field v.
Again, the vector field v is tangent to the level sets of κ. On these sets there is only the R-action.
iv) Another interesting case is when κ(x) = const. Then
i.e. v is an eigen field for the curl operator: curl ξ = λ ξ . Such fields are called
Beltrami fields (or flows). One famious example is given by the so called ABC flows on a 3D-torus, which exhibit chaotic behavior and draw special attention in fast dynamo constructions: 
Variational principles for steady flows.
The stationary solutions of the Euler equation come by as extremals from two different variational principles [3, 8] .
i) The magneto-hydrodynamic ("MHD") variational principle: consider the energy functional
on divergence-free vector fields v on a 3D manifold M. Then extremals of the energy functional among the fields diffeomorphic to a given one are singled out by the same condition as the steady Euler flows: such fields must commute with their vorticities. (This problem on conditional extremum corresponds to the restriction of the energy E to the adjoint orbits of the diffeomorphism group.)
ii) The ideal hydrodynamic ("IHD") principle: steady fields are extremal fields for the energy functional among the fields with diffeomorphic vorticities, i.e. among isovorticed fields. (The latter corresponds to the energy restriction to the coadjoint orbits of the same group.) In this sense these principles are dual to each other, but give the same sets of extremal fields.
3 Euler equations and integrable systems.
Hamiltonian reformulation of the Euler equations.
The differential-geometric description of the Euler equation as a geodesic flow on a Lie group has a Hamiltonian reformulation. Fix the notation E(v) = 
as an evolution of a point m ∈ g * . Here ad * is the coadjoint operator, dual to the operator defining the structure of the Lie algebra g.
Below we explain the meaning of this operator in the case of the Virasoro algebra, "responsible" for several equations of mathematical physics.
see [6] . and c 1 = 1/2, c n = (2n − 3)!!/(2 n n!) for n > 1. One can recognize here the familiar form of higher KdV integrals. Their appearance in this expansion is due to the fact that the trace of the monodromy M(u) is a Casimir function for the Virasoro algebra, while the coefficients in a Casimir expansion provide a hierarchy of conserved charges for any bihamiltonian systems, see more details on this and other equations in [6] .
